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Abstract 
The g round-s t a t e proper t ies of a spin-one Heisenberg 
an t i f e r romagne t and an easy-plane spin-one an t i fe r romagnet fo r l inear 
chain (LC)’ honeycomb (HC), square (SQ), simple cubic (SC) and 
body-centered cubic (BCC) la t t i ces a re investigated using a successive 
coupled-clus ter approximation. By using the coupled-cluster 
approximat ion up to the second level, g round-s ta te energies and 
s taggered magnet izat ions of both systems a re obtained. In the 
easy-plane spin-one ant i fe r romagnet , there exis ts a t rans i t ion such tha t 
as D, the pa ramete r which measures the single-ion anisotropy, exceeds a 
ce r ta in cr i t ica l value D , the s taggered magnetization will vanish. In 
c 
mean-f ie ld approximation, D / 2ZJ , where Z is the coordination number and 
J is the exchange integral , equals to unity regardless of which la t t ice 
is being concerned. Using the coupled-cluster method, it has been found 
t h a t the quantum f luc tua t ions reduce the value of D , Quantum 
G 
f luc tua t ions reduce the values of the ground-s ta te energy and the 
s taggered magnet izat ion in both systems as well. From this study, we 
have f ound t h a t the g round-s ta te energy converges quite rapidly. 
Comparatively, the s taggered magnetizat ion converges slowly or even no 
sign of convergence is seen, especially in the case of l inear chain. 
The successive coupled-cluster approximation seems to be a pract ical 
tool in calculat ing the g round-s ta te energy of a spin system as only a 




For more than a quarter of a century, the study of spin systems for 
one-, two-, and three-dimensional lattices has been a major component of 
research in condensed matter physics because of the wide variety of 
critical phenomena manifested in these systems. One of the earliest and 
most famous examples is the two-dimensional Ising model. This model has 
a critical temperature T such that when the temperature exceeds T , the 
c c 
spontaneous magnetization vanishes. Many methods have been applied to 
investigate this model, for instance Bethe-Peierls approximation and 
Bragg-Williams approximation. This interesting topic has been discussed 
. b k [1] In many text 00 s. . 
Apart from the Ising model, many other models have been proposed 
for study. Some examples are the Ising model in a transverse field, the 
XY ferromagnet, the XY antiferromagnet, the Heisenberg antiferromagnet 
and the Dzyaloshinsky-Moriya model. New methods have been proposed for 
the studies of these new models, for example, the method of exact 
h· h " [2] 19 -temperature serIes expansIon, the zero-temperature series 
expansion, the linked-cluster expansion, finite lattice method 
introduced by Betts and Oitmaa [3] and the quantum Monte-Carlo method. 
In 1987, P. W. Anderson suggested a possible connection between the 
ground state of the high-temperature superconducting materials and the 
d · . 1 . h If . f [ 4 ] Th' h . t . f' d th two- ImenSlona spln- a antI erromagnet. IS as In ens1 le e 
studies of the magnetic properties of the spin-half systems. However, 
thorough studies of the spin-one systems are still lacking. In this 
thesis, we shall consider the ground-state properties of a spin-one 
Heisenberg antiferromagnet and an easy-plane spin-one antiferromagnet 
using the coupled-cluster method. The easy-plane spin-one 
antiferromagnet has been found to have a phase transition at T=O which 
is caused by the single-ion anisotropy such that the staggered 
magnetization will vanish when the single-ion anisotropy parameter D 
exceeds a critical value D. For simplicity, mean-field approximation 
c 
has been used to investigate the systems; however, in mean-field 
approximation, quantum fluctuations are ignored. By using a successive 
coupled-cluster approximation, the effects of quantum fluctuations have 
1 
been systematical ly included into our calculation. We have found tha t 
the quantum f luc tua t ions supress both the g round-s ta te energies and the 
s taggered magnet izat ions fo r both systems. For the easy-plane spin-one 
an t i f e r romagne t , the quantum f luctuat ions supress the. cr i t ical value of 
the single-ion anisotropy paramete r , D , as well. 
c 
The coupled-cluster method was originally used in nuclear physics. 
It has also been proved to be useful in quantum chemistry where very 
accura t e energies a re required to explain chemical phenomena. In this 
method, the wavefunction of a quantum many-body system is decomposed in 
t e rms of amplitudes fo r excit ing c lus ters of a f in i te number of 
par t ic les . Such a decomposition is very easy to in te rpre t physically 
and thus approximations in calculations using this method are easy to 
improve systematical ly. Recently, the coupled-cluster method has been 
applied to the ant i f erromagnet ic Heisenberg linear chain and the 
[ 5 ] 
ha l f - f i l l ed Hubbard model. Later on, the same method has been 
applied to d i f f e r en t quantum spin- la t t ice models」6 — 9】 The method has 
been proved to be very useful in those cases. 
In th is thesis , we will begin by introducing the idea of the 
coupled-cluster method (Chapter 2). Then the method will be applied to 
invest igate the spin-one Heisenberg ant i fer romagnet (Chapter 3). 
Following the same idea, the easy-plane spin-one ant i fer romagnet will be 
studied by the same method (Chapter 4). Lastly, a conclusion will be 
given to th is study. In th is thesis, h is set to be 1 fo r convenience. 
2 
Chapter 2 
The Coupled-Cluster Method 
2.1 Background 
The coupled-c lus te r method has been developed mainly f o r 
appl ica t ions to nuclear physics. It has also proved to be very useful 
in quantum chemis t ry where very accu ra t e energies a r e requi red to 
expla in some chemical phenomena. This method has gradual ly been applied 
to o the r f i e lds of physics, It provides us an e f f i c i en t way to obtain 
accuracy beyond Har t ree -Fock approximat ion. In 1990, Roger and 
Hether ington wro t e a pioneering paper on the applicat ion of the 
coupled-c lus te r method to the an t i f e r romagne t i c Heisenberg l inear chain 
and the ha l f - f i l l ed Hubbard model on a square l a t t i c e .
1 5 1
 Since then 
t h i s method has been successful ly applied to d i f f e r en t quantum spin 
sys tems and the Hubbard model on a square l a t t i c e .
1 6 - 9 1
 In th i s method, 
the wavefunc t ion of a quantum many-body system is decomposed in t e rms of 
ampl i tudes f o r exci t ing c lus t e r s of a f in i t e number of par t ic les . Such 
a decomposit ion is very easy to i n t e rp re t physically and thus 
approx imat ions in calculat ions using th is method a r e easy to improve 
sys temat ica l ly , 
2.2 Basic Idea of the Method 
Suppose our aim is to solve the ground s t a t e f o r a general problem, 
H |^> = E j 阶 （2.2.1) 
In many-body problems, i t is o f ten d i f f i cu l t to f ind | 屮X In prac t ice , 
we usual ly s t a r t f r om a normalized t r i a l ket | $ > which is not 
or thogonal to the exac t ground s t a t e . It can be proved t ha t the t r i a l 
ke t I $ > and the exac t g round - s t a t e ket | 屮〉can be linked by an opera tor 
S in th i s way: 
= exp(S) |$ Q > (2.2.2) 
Proof: 
3 
Suppose |$ o > is the mean-f ie ld ground s t a t e of a quantum spin 
system. Now, we consider how the exci ta t ions in the mean-f ield ground 
s t a t e modify the physical picture. Suppose there exis ts an excitat ion 
in one si te . This process may be described by a quantum mechanical 
opera to r S ^ The f inal s t a t e will then become S | $ >. It is also 
possible t ha t two s i tes excite independently. It is clear tha t we 
should apply the opera tor S i twice. However, to avoid overcounting, we 
should include a s ta t i s t i ca l f ac to r 2! in our calculat ion，so tha t th is 
process may be described by (1/2!)S^. In general , it is possible fo r m 
s i t es to exci te independently. Then the corresponding operator is 
( l /m!)S^. The to ta l e f f ec t of the s ingle-si te excitat ion operator may 
be described by J °° ( l /m!)S? = exp(S ). The final s t a t e will then 
become exp(S ) I $ >. 
l 丨 o 
Next 
we should consider a simultaneous double-site excitation. 
Suppose the process is corresponding to the operator S . By the same 
arguments as above, the process of m independent double-site excitat ions 
may be described by (l /m!)S^. To sum m f rom 0 to oo, the to ta l e f fec t of 
S is found to be exp(S ). For the case of t r ip le t excitat ion, we may 
extend the idea in the considerations of S^ and then the e f fec t by 
t r i p l e t exci ta t ions will be described by exp(S ). 
What should we do in the case of simultaneous exci tat ions of 
d i f f e r en t c lus te rs of spins? Without loss of generali ty, we consider 
the case of independent simultaneous exci ta t ions of m pai rs and n 
t r ip le t s . Clearly, the corresponding operator is (l/m!n!)S^S^. Here, 
the order of the opera tors S^ and S^ is unimportant because these two 
opera to r s describe independent processes and thus they commute. Summing 
over all possible values of m and n, the resul t is exp(S + S ). 
2 3 
Proceeding in th is way, the e f fec t of all kinds of excitat ion will 
change the system f rom I $ > to exp(S +S +S + ... +S ) I $ >. If we wr i te b J 1
 0 ^ 1 2 3 N
 1
 0 
S = [ i f 1 S i (2.2.3) 
then we have, 
I屯>=exp(S) > (2.2.4) 
where the f ina l s t a t e wavefunction | 屮〉is any wavefunction which is not 
4 
orthogonal to | $Q>. AS we have considered the operators in a general 
way, we may have any as we like by choosing suitable S ,s in S. 
Thus, it is possible for | 屮〉to be the exact ground s ta te . Also note 
t ha t the mean-f ield ground s ta te is chosen to be 1$ > onlv for 
• ^ 丨 0 “7 
convenience. One may choose other options for >. This completes the 
0 
proof. 
Our problem then tu rns f rom finding to finding S. This can be done 
as follows. Rewriting our problem (2.2.1) as 
K|$。> = exp(-S) H exp(S)|$Q> = E q | $ q> (2.2.5) 
From the Baker-Hausdorff lemma, it is known tha t 
exp(-S) H exp(S)= H + [H,S] -f ^ [ [ H ^ ] ^ ] + ... (2.2.6) 
To obtain the ground-s ta te energy E q , we simply project (2.2.5) onto 
I a n d get 
EQ= <$ 0 | exp( -S) H exp(S) |$ o> (2.2.7) 
. . . E is a function of S. We must find S in order to obtain E . 0
 o 
Project ing (2.2.5) onto the s ta tes | which are orthogonal to | $ >, we 
have 
<$ n | exp( -S) H exp(S}|$Q> = 0 (2.2.8) 
This condition yields a series of nonlinear coupled equations, each of 
which contains a f in i te number of terms. The correlation operator S is 
determined by solving these equations. Once S is known, determination 
of the ground-s ta te energy E q and the ground-sta te | 屮〉is trivial. 
One can imagine tha t solving (2.2.8) for S is a very formidable 
task and we have to resor t to some approximation scheme to solve the 
coupled equations. In the following two chapters, we shall apply a 
successive coupled-cluster approximation scheme to investigate the 
ground s t a t e of a spin-one Heisenberg antif erromagnet and tha t of the 
easy-plane spin-one antif erromagnet. This approximation scheme was 
5 
r ecen t ly proposed by Roger and Hetherington in the i r pioneering 
paper .
 5 】 
2.3 Discussion 
One may ask whether the re is a var ia t ional principle f o r the 
coupled-c lus te r method or not. This will be discussed in the following. 
For the var ia t iona l method, we know t h a t t he re is a well known 
pr inciple t h a t the minimum value of the expecta t ion value of the 
Hamiltonian of a system fo r any t r i a l normalized s t a t e is an upper bound 
of the exac t g round - s t a t e energy. In var ia t ional method, we have to 
solve a lgebra ic equat ions resu l ted f r om minimization. In our successive 
approx imat ion scheme, al though we s t i l l have to solve some algebraic 
equat ions , the or igin of the equat ions is not the same as t h a t f rom the 
va r i a t iona l method. Thus, we could not bor row the principle fo r the 
va r ia t iona l method d i rec t ly to our case. 
Le t , s t r y to see if we can obtain a s imilar principle f o r our 
method. Tha t is, we hope to prove t ha t the E obtained in the 
o 
coupled-c lus te r is an upper bound f or the exac t g round- s t a t e energy. 
Consider 
<$ [ e x p ( S ) H e x p ( S ) | $ > 
<H> - — (2.3.1) 
< $ o | e x p ( S )exp(S)|$〇> 
Clearly, <H> is a lways an upper bound fo r the exact g round- s t a t e energy 
no m a t t e r how we choose the opera to r S. In pa r t i cu la r , when S=0, <H> is 
simply the mean- f ie ld g round - s t a t e energy if we choose | $ > to be the 
mean- f i e ld ground s t a t e . Rewri t ing (2.3.1)’ we have 
<$ | e x p ( S
f
 ) H e x p ( S ) | $ > 
<H>= — 
<$ Q | e x p ( S ) e x p ( S ) | $ Q > 
+ 
<$ | e x p ( S ) e x p ( S ) K | $ > 
= — ^ — (2.3.2) 
<$ | e x p ( S ) e x p ( S ) | $ q> 
6 
where H ^ exp(-S) H exp(S). Since = E l $ > + H, I $ >, where H is 
u
 0 0 丄1 0 丄 
an opera tor (may be a linear combination of some operators) such tha t 
H丄 | $ o > is orthogonal to |$〇>. Consequently, we have 




o + — 1 — (2.3.3) 
<$ n e x p ( S ) e x p ( S ) 1$ > 
o • I o 
We want to r ewr i t e (2.3.3) in the following form： 
< H > = E
o + (2.3.4) 
where 
X
 = 1 ^ = ^ S " | V (2.3.5) 
Y
 = I S" H J V (2.3.6) 
m=n + 2 
n = 0 
Then 




+ … ） （ 2 . 3 . 7 ) 
Here, only connected te rms will contribute. What is meant by 
'connected t e rms ' ？ In the expressions of X and Y which are given by 
equations (2.3.5) and (2.3.6), there may be some te rms which are not 
proport ional to the number of s i tes (or the volumes of the systems in 
other problems). However, in (2.3.7), <H> should be proportional to the 
number of si tes, or we may say, it should be an extensive quantity. Thus 
in the expression Y(l-X+X
2
-X + .. .), the te rms which are non-linear in 
the number of s i tes will cancel out. The remaining te rms which are 
proport ional to the number of s i tes a re the so-called 'connected te rms ' . 
In the coupled-cluster method, we t ry to find the S so tha t 
Hjl I 少o>=0， a n d thus <H>=E . However, in the approximation scheme, the 
t e rm H丄 | can be regarded as zero only under some approximations. 
Hence, E q which is the ground-s ta te energy obtained by our 
coupled-cluster approximation cannot be an upper bound fo r the exact 
g round-s ta te energy. 
7 
Chap te r 3 
Spin-One He i senberg A n t i f e r r o m a g n e t 
In th is chapter , a study of the ground-s ta te proper t ies of the 
spin-one Heisenberg ant i fe r romagnet : 
H = ^ s f R(S x S y + S y S y ) + S 2 S 2 ] 2 L ( l , j ) V i j i j ' i j J 
f o r l inear chain (LC)’ honeycomb (HC), square (SQ), simple cubic (SC) 
and body-centered cubic (BCC) la t t ices using a successive 
coupled-cluster approximation up to the second level is presented. We 
begin with the mean-f ie ld approximation. In mean-field approximation, 
the quantum f luc tua t ions a re completely ignored. Using the successive 
coupled - c lus ter approximation, we incorporate the quantum f luctuat ions 
into our calculations. It is found tha t the quantum f luctuat ions reduce 
both the g round-s ta te energy and staggered magnetization. 
In Chapter 2, we know tha t in the coupled-cluster method, we have 
to compute the opera tor S. Since it is d i f f icul t to obtain the exact S, 
we have used a successive approximation scheme to find S. The idea is 
as follows: 
In the zeroth level, we guess S to be zero. We have found tha t 
exp(—S) H e x p ( S ) | $ ) = I $ > + F V 、 L 1 L J > where E and F are 1
 o 0
 1
 0 L( i , j ) 2 1 2 1 1 0 o 
non-zero constants , > is the mean-field ground s ta te , which is our 
s t a r t i ng s ta te , and L is the local s tandard basis operator which will be 
introduced in the paper. Obviously, the t r i a l S is not correct because 
F 关 0. In order to remove the second term, we may t ry S to be 
Ei j . 
, , , , L L in the f i r s t - leve l approximation. Here a is a (i , j ) 21 21 
pa ramete r to be determined. After plugging the new S into the expansion 
of exp(-S) H exp(S) | $。>, we will obtain an expression 
exp(-S) H exp(S) |$ o > = 〜 + FS + > similar to the one above, but 
with d i f f e r en t E and F which a re functions of a, together with some 
other remaining terms. Applying the condition 
<$ | S
f
 exp(-S) H exp(S) |$ > = 0 
we have F = 0 which gives a quadrat ic equation determining a, and thus 
8 
the g round- s t a t e energy and s taggered magnetizat ion can be found. 
However’ the re a re st i l l some remaining t e rms le f t in the f i r s t - leve l 
approximation. We may then include some of these t e rms which a re more 
impor tan t than the others into our second-level t r i a l S. A new 
expansion with more F’s is obtained. Setting all these F’s to be zero, 
a se t of nonlinear coupled algebraic equations is found. We have four 
such equations f o r each of SQ, SC and BCC and three equations fo r each 
of LC and HC as well. Solving these equations fo r a ' s , the second-level 
g round- s t a t e energy and s taggered magnetizat ion a re obtained. 
It is found t ha t up to the second level of the approximation, the 
g round- s t a t e energy converges quite f a s t . The resul t has already 
recovered a large port ion of the ground-s ta te energy. Our resu l t s fo r 
the g round- s t a t e energy a re in good agreement with those obtained by 
other methods. However, our resu l t s fo r the s taggered magnetization are 
less s a t i s f ac to ry in comparison to those fo r the ground-s ta te energy, 
especially in the case of large anisotropy in exchange interact ion and 
small number of neares t -neighbours per site. It is because in this 
case, our s t a r t i ng wavef unction is not a good one. Furthermore, we have 
compared our r e su l t s fo r the ground-s ta te energy to those obtained by 
the l inear spin-wave theory. The comparison shows pre t ty good agreement 
between them. Thus, the successive coupled-cluster approximation seems 
to be prac t ica l In calculations of the ground-s ta te energy of a spin 
system as only a few levels of approximation is needed. 
For detai ls , r eade r s a re r e f e r r ed to the enclosed paper t i t led: 
Coupled-cluster approximation fo r spin-one Heisenberg ant i fer romagnet . 
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A b s t r a c t 
In this paper we have applied the successive coupled-cluster approximation 
to investigate the ground state of the spin-one Heisenberg antiferromagnet. 
Coupled-cluster approximation up to the second level has been performed to 
evaluate ground-state energies for various lattices such as linear chain, honey-
comb, square, simple cubic and body-centered cubic lattices. A detailed com-
parison has shown good agreement between our results and those obtained by 
other methods. The convergence of our results is fairly rapid, and becomes 
bet ter as the coordination number increases or the anisotropy parameter of 
exchange interaction decreases. Furthermore, according to our calculations, 
the first couple levels of coupled-cluster approximation has already recov-
ered a large portion of the ground-state energy. Hence the coupled-cluster 
method seems to be a practical tool for calculating ground-state energy of a 
spin system since only the first few levels of approximation will be needed in 
actual practice. 
1 I n t r o d u c t i o n 
In the past few decades the magnetic properties of an anisotropic antiferro-
magnet have been widely studied both theoretically and experimentally/
1
) 
Here the anisotropy means either anisotropic exchange interactions or single-
ionic type anisotropy. Despite the apparent simplicity of the system, exact 
results are scarce. For instance, in the case of isotropic spin-half Heisen-
berg antiferromagnet, exact ground state is known for the linear chain only, 
whereas beyond one dimension the exact nature of the ground state re-
mains unknown,(
2，3) Recently the interest is further intensified by the dis-
covery of the high-temperature superconductivity and Anderson's sugges-
tion that there is a possible connection between the ground state of the 
high-temperature superconducting materials and the two-dimensional spin-
half antiferromagnet.(
4 , 5
) Exhaustive investigations have been made on the 
magnetic properties of the spin-half system but thorough studies of the spin-
one system are still lacking. Most recent studies on the spin-one system are 
performed on finite-size linear chains using the Lanczos method and Monte 
Carlo simulation technique、6—8) This is mainly due to Haldane's conjecture 
concerning the qualitative difference between integer-spin and half-integer-
spin antiferromagnetic Heisenberg models in one dimension^ as well as that 
the one-dimensional spin-one antiferromagnetic Heisenberg models have been 
realized experimentally.(
10
) Besides, as far as we know systematic analytical 
studies of the spin-one system for various lattices are quite rare, especially 
the recent ones .
( 1 1 _ 1 6
) Therefore, it is the purpose of this paper to investigate 
the ground-state properties of the spin-one system for various lattices using 
1 
the coupled-cluster method. 
The coupled-cluster method has proved to be a very useful technique in 
quantum many-body theory, and has been applied to a wide range of physi-
cal systems in nuclear physics, quantum chemistry and relativistic quantum 
field theory^
1 7
) Its main advantages are its automatic avoidance of unphysi-
cal divergences in the thermodynamic limit and its systematic ability to be 
taken to arbitrary accuracy. The coupled-cluster method can be used to cal-
culate ground-state and excited-state energies, and also such other physical 
quantities as correlation functions and density matrices. The basic ideas of 
the coupled-cluster method rely on the fact that the exact ground state of a 
many-body Hamiltonian H can always be expressed as 
| ^ > = e x p ( 5 ' ) | $ o > (1) 
with > being an appropriate 'starting wave function' which is not or-
thogonal to the exact ground state. The corresponding Schrodinger equation 
摩 > = > (2) 
can then be written as 
^ l ^ o exp ( -5 )77exp (5 ) | $ 0 五0|尘0 > (3) 
where 
exp(-S)Hexp(S) 二 // + [H,习 +  l-[[H, 5] , 5] + ….. (4) 
Since | $ 0 〉 i s normalized, we may write 
E0 =< 〉==< $o |exp( -5)7 /exp(5 ' ) | $o > (5) 
2 
and by projecting Eq.(3) onto the states > which are orthogonal to |$。〉, 
we obtain 
< > = < ^n |exp( -5 ' ) i / exp( ( S ' ) |$o > = 0 . (6) 
This orthorgonality condition yields a series of nonlinear coupled equations, 
each of which contains a finite number of terms. The correlation operator S 
is determined by solving these equations. Once S is known, the ground-state 
energy and wave function can be obtained readily. Hence, the problem of 
finding the ground-state energy and wave function of the many-body sys-
tem is reduced to computing the operator S. Nevertheless, this is a very 
formidable task, and some approximation scheme has to be used to solve 
the coupled equations. Kiimmel et al. have prescribed the so-called sub-n 
coupled-cluster approximation in which the operator S = S x S 2 . . . . ， 
where Si, 5 2 , S3j.... contain products of one, two, t h r e e , . … r a i s i n g oper-
ators respectively, is t runcated at the Sn level.(17) For the lattice problem, 
the strict breakdown into sub-n is not very useful since some effects at sub-4 
are substantially larger than certain effects at sub-2; it is better to keep all 
reasonable terms inside a compact cluster than to include sub-2 terms where 
the two particles are far apart. In the following we shall apply a successive 
coupled-cluster approximation scheme, which was recently proposed by Roger 
et al.(
18
), to investigate the ground state of the spin-one antiferromagnetic 
Heisenberg model. This approximation scheme has been successfully applied 
to the quantum spin systems and Hubbard model on a square lattice.(
18一22) 
The general outline of this paper is as follows. In the next section we ap-
ply the successive coupled-cluster approximation (up to the second level) to 
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the spin-one antiferromagnetic Heisenberg model for various lattices such as 
linear chain, honeycomb, square, simple cubic and body-centered cubic lat-
tices. Numerical results are then discussed in section 3. Finally, a concluding 
summary is presented in section 4. 
2 T h e o r y 
The Hamiltonian of the spin-one antiferromagnetic Heisenberg model with 
anisotropic exchange interaction is given by 
H = + + 
( i J ) 
J __ TJD 
=
+
 + (7) 
(id) (id) 
where the spin raising and lowering operators are defined by S士三 士 iS y. 
Here J is a positive quantity representing the antiferromagnetic exchange 
interaction strength, R is the anisotropy parameter varying between 0 and 
1，and denotes the summation over all nearest-neighbour pairs. Antic-
ipating antiferromagnetism we may rewrite the Hamiltonian by performing 
a rotat ion of the spin quantization axis at each site of one sublattice ('down' 
sublattice) into the direction of the local mean field. After the transformation 
the Hamiltonian becomes 
H == H 0 + 巩 
二 - 啊 - " E y + xE(々々 + 5 「 《 ） . （ 8 ) 
(。） { (iJ) 
4 
Note that a source term —h S z has been added to the Hamiltonian so that 
an est imate of the staggered magnetization of the system can be obtained. 
I n t h i s n e w
 basis the Hamiltonian H0 is just the Hamiltonian of the spin-one 
ferromagnetic Ising model in a staggered magnetic field, and its ground state 
l^o > is well known, i.e. the state with all spins ‘up，： |如 > = | + \〉 . . 
It is, therefore, natural to choose the state > as our trial starting state 
of the successive coupled-cluster approximation for the Hamiltonian H. In 
fact，we believe that when R is small, the state \<f)0 > should be pretty close 
to the exact ground state. 
In order to incorporate the quantum fluctuations due to we now 
apply a successive coupled-cluster approximation as follows. With \<j)Q > as 
our start ing state, we simply choose the correlation operator S to be zero for 
the zeroth level of the successive coupled-cluster approximation. Using this 
trivial correlation operator S, we obtain 
exp(-5)i7exp(^)|^0 >= {E0 - i - ^ ^ ^ i H i W o > (9) 
( i j ) 
where 
J Z 
E 0 = +
 h
) (10) 
with z being the coordination number. Here we have introduced the use of the 
local s tandard basis operators, which are defined, in terms of the eigenstates 
of S z: 
丨 1 > = | + 1 〉 ， | 2 > = |0 > , | 3 〉 = 卜 1 〉 ， (11) 
as 
Lmn — \m >< n\ , m, n — 1,2,3. (12) 
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These operators obey the commutation relation 
[ Lkh L Jmn] = Sij(SirnLkn — 8knLml) (13) 
where the superscripts i and j are the lattice-site indices. Any operator can 
be written as a linear combination of these L operators: 
0








mn ； (14) 
m,n 
in particular, the spin operators S z and 5士 are expressed as 
S z = Llx - L33 , = V2{L12 + L23) , = V 2 ( L 2 1 + L32) . (15) 
The ground-state energy is given by EQ\h==0 = - N J z / 2 with the remaining 
terms of Eq.(9) being neglected at this level. This is just the expectation 
value of H with respect to the state \<j>Q > . Also, an estimate of the staggered 
magnetization can be found to be M 三—N—dEQ/dh^Q = 1. All these 
imply that at the zeroth level of approximation the coupled-cluster method 
does not give any improvement at all, and thus we need to go to higher levels 
of the coupled-cluster approximation. In the next level of approximation, 
we also include in S the terms necessary to cancel the remaining terms of 
Eq.(9): 
S = 此 . (16) 
(‘’ i) 
This operator simply represents the simultaneous excitation of a pair of 
nearest-neighbour spins. With this correlation operator it can be found that 




o = y ( l - 2Ra) + h] ( i 8 ) 
„ J R A 
a F = ~Y + - 1 ) + 2h]a + 2 J R [ - - 2(2z - l ) ]a
2
 . (19) 
Here the quantity A is defined as 
A = ， （20) 
(iJ) Hj) Kk) m(l) 
and its numerical values for various lattices are 
6 , for LC 
15 , for HC 
36 , for SQ 
9 0 ， for SC 
2 1 6 ， for BCC . 
By setting F to be zero, a quadratic equation of the parameter a is obtained, 
which can be easily solved to give two roots. The admissible solution is given 
by 
a = J { [ ^ - 1 ) + 2 / , ] ^ , 二 
V ^JR[A - 2z{2z — 1)] ； 4[A - 2z(2z — 1)] 
[J(2z -1) + 2h]z 
~ i J R [ A - 2 z ( 2 z - I ) } • ( 2 1 ) 
With the remaining terms of Eq.(17) being neglected, this then enables us 
to obtain the ground-state energy E0jh==0 = - N J z ( l - 2Ra)/2]h=0 and stag-
gered magnetization M = 1 — JzR[da/dhy\h=0 readily. It is obvious that 
provided the parameter a is not zero, there is considerable improvement 
beyond the zeroth-level results (see Table I). 
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Although we have made improvement beyond the zeroth-level results, 
there are still remaining terms in the expansion of exp(-S)H exp(5) |^ 0 > in 
the first level of the coupled-cluster approximation. One may then intend to 
include all the remaining terms of the first-level approximation into the corre-
lation operator S. However, this will require us to manipulate a huge number 
of terms, and thus an alternate approach is badly needed. The simplest way 
is just to include the extra terms generated from {H + [//, 5]}|<^0 > in the 
first-level approximation into the new correlation operator. Accordingly, for 
the square, simple cubic and body-centered cubic lattices, the operator S 
consists of four terms and is given by 
4 
S
 = (22) 
n=l 
where 
^ = OLxY^Lx21L321 , = , 
(hj) ( i j ) 
D L 
^3 = «3 X ]
 L
2 i 4 i L
k
2 1 ， ^ 4 = ^ ； (23) 
(i’j’k) 
on the other hand, for the honeycomb lattice there is no such term as S3 
whereas the term S4 does not exist in the case of linear chain. Here the terms 
Si and Si denote simultaneous excitations of a pair of nearest-neighbour 
spins, while S3 and S《are simultaneous excitations of a triplet placed in a 
straight line and an configuration as shown in Fig. l , respectively. [Note: 
for the body-centered cubic lattice we have omitted another type of simulta-
neous excitation of a triplet forming a different 'L' configuration (see Fig.Id), 
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because we believe that this type of excitation contributes less in comparison 
with the other two.] After some straightforward, though tedious, calcula-
tions similar to those in the first-level approximation, we obtain a set of four 
nonlinear coupled algebraic equations of the parameters a t-'s for each of the 
square, simple cubic and body-centered cubic lattices as well as three equa-
tions for both the linear chain and honeycomb lattices (see the Appendix). 
These nonlinear coupled equations have no closed-form solutions in general 
and need to be solved numerically. At this second level of coupled-cluster 
approximation the ground-state energy per site is given by 
E0 J Z / 、 
二 (24) 
in the limit /1 —> 0, which in turn yields an estimate of the staggered magne-
tization M = I-JzR^darjdh)]h^0 readily (see Table II). Detailed numerical 
results will be discussed in the next section. 
3 Resu l t s and discussions 
In Tables I and II the numerical results of ground-state energy and staggered 
magnetization for various lattices with different R are tabulated. From the 
numerical data of ground-state energy it is observed that for small values of 
R a convergent pat tern is found. This is actually not surprising because our 
starting state 〉 i s supposed to be pretty close to the exact ground state 
when R is small. For larger values of R the convergence appears to be slowlier 
due to the quantum fluctuations. Since the quantum fluctuations will be more 
dominant in low dimension, we may expect to obtain better results for higher 
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dimensions. In fact, this can be easily seen by inspecting the numerical da ta 
for large R. Although the results converge slowlier when R is large, the 
estimates of the ground-state energy should still be reasonably close to tlie 
exact results. To see this more explicitly, wc now compare our results for the 
case of isotropic exchange interaction with those obtained by other methods. 
Using a 64-site linear chain, Liang estimated the cxact ground-state energy 
per spin to be - 1 . 4 0 2 J for the one-dimensional ca.sc.(
6
) Our first- and seconcl-
level coupled-cluster approximation give the values - 1 . 2638J and -1.3294 J 
respectively. Obviously our results are in fairly good agreement with the 
exact result, even though the starting state \ ( j ) 0 > is actually a. rather poor 
start ing state in this case. The ground-state energies for various lattices 
obtained by other methods are listed in Table I IT. It can be seen that our 
results are consistent with theirs, especially in the ihrce-climensional case. 
For a further comparison we also tabulate the ground-state energies of Uic 
case with anisotropic exchange interaction for various lattices evaluated by 
Davis(
15
) and Arai et al.(
16
) in Table IV. It is clear thai our results agree 
with theirs pret ty well over the whole range of anisotropy parameter R. 
This suggests that the first few levels of coupled-cluster approximation have 
already recovered a large portion of the ground-state energy. 
Besides, a closer look at the form of the ground-state energy in Eq.(18) 
for the case of isotropic exchange interaction suggests us to make a more 
direct comparison with the results of linear spin-wave theory(
u
) . According 
to the linear spin-wave theory, the ground-state energy takes the form 
E ^
s w
 = - l j z N { \ + ^ } (25) 
I z 
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where the parameter 7 lies between 0 and 1. The corresponding value of 7 
in our first-level coupled-cluster approximation is 7 = -2za. For large z, or 
equivalently ^ = |4[A — 2^(2^ 一 l)]/[z(2z - 1)2]| < 1, the parameter a can 
be expressed as 
^ = 7 1 ^
1
 — ! + ? +….} (26) 
Thus，the lowest-order estimation of 7 is ^ - 0 . 5 . In Table V we tabulate 
the values of 7 and 7 for various z. It is clear that 7 and 7 are in pret ty 
good agreement, at least for large 二 This seems to suggest that within the 
first level of coupled-cluster approximation, we are able to recover the results 
of linear spin-wave theory, at least for large 工 Accordingly, the successive 
coupled-cluster approximation seems to be a practical tool for calculating 
the ground-state energy of a spin system since only the first few levels of 
approximation will be needed in actual practice. 
Nevertheless, our estimates of the staggered magnetization are less sat-
isfactory in comparison to those of ground-state energy. In particular, for 
large R and small z no sign of convergence is in sight within the first two 
levels of coupled-cluster approximation. For instance, in the case of linear 
chain with isotropic exchange interaction, the finite-size numerical calcula-
tions show that the ground state is disordered with a correlation length of 
6.2 lattice spacings whereas the second-level approximation still produces a 
rather large value of staggered magnetization. Hence, in order to obtain more 
definite estimates of staggered magnetization, it is necessary to go to higher 
levels of coupled-cluster approximation, and we are presently pursuing this. 
11 
4 Conclus ions 




e r w e h a v
e applied the coupled-cluster method to investigate the 
ground state of the spin-one Heisenberg antiferromagnet. Coupled-cluster 
approximation up to the second level has been performed to evaluate the 
ground-state energies for various lattices such as linear chain, honeycomb, 
square, simple cubic and body-centered cubic lattice. A detailed compari-
son has shown good agreement between our results and those obtained by 
other methods; in fact, for the case of isotropic exchange interaction the first 
level of approximation is able to recover the results of the linear spin-wave 
theory, at least for large z. The convergence of our results is fairly rapid, 
and becomes better as the coordination number increases or the anisotropy 
parameter of exchange interaction decreases. Besides, since our choice of the 
Ne61 state as the starting state is dictated primarily by our desire to use a 
calculationally manageable starting state and may not be a good one at all, 
especially for the isotropic case, one may thus improve the convergence of 
the successive coupled-cluster approximation by using a better starting state, 
e.g. the Gutzwiller-type trial wave function. Furthermore, according to our 
calculations, the first couple levels of the coupled-cluster approximation has 
already recovered a large portion of the ground-state energy. Hence the 
coupled-cluster method seems to be a practical tool for calculating ground-
state energy of a spin system since only the first few levels of approximation 
will be needed in actual practice. 
12 
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Appendix 
In t h i s appendix, the coupled equat ions f o r d i f f e r en t 
l a t t i c e s in t he second level a r e displayed. 
1. Linear Chain 
j 7 
a F = - R + (3J+2h)a - 6JRa + JRa + 2JRa = 0 
1 1 乙 1 X 2 3 
a F = JRa + 4(J+h)a 一 6JRa a = 0 
2 2 1 2 1 2 
a F = 2JRa + 4(J+h)a - 8JRa a = 0 
3 3 1 3 1 3 
2. Honeycomb 
j 7 
a F =万R + (5J+2h)a - lOJRa + JRa + 4JRa = 0 
1 1 ^ 1 1 2 4 
a o F o = JRa + 4(2J+h)a 一 lOJRa a = 0 
2 2 1 2 1 2 
a F = 2JRa + 4(2J+h)a - 14JRa a = 0 
4 4 1 4 1 4 
3. Square, simple cubic and body-centered cubic 
o ^ F ^ - R + ( j ( 2 Z - l ) + 2 h ) a i + 2 J R ( 会 - 2 ( 2 Z - l ) ) a ^ + JRa 
+ BJRa + CJRa = 0 
3 4 
a 2 F 2 = J R a ^ 4 (J(Z-l)+h) a「ZJR iZZ-Doc^^ = 0 
a F = 2JRa + 4 f j (Z- l )+h) a - 2JR(5Z-D)a a + EJRa a = 0 
3 3 1 、 J 3 1 3 1 4 
a F = 2JRa + 4 f j (Z- l )+h) a - 2JR(5Z-G)a a + HJRa a + IJRa a = 0 
4 4 1 V J 4 1 4 1 2 1 3 
P. l of Appendix 
where A, B, C, D, E, G, H, I a re values listed in the following 
tab le 
A B C D E G H I 
SQ 36 2 4 10 8 10 4 4 
SC 90 2 8 14 16 18 4 4 
BCC 216 2 6 18 12 22 12 4 
P.2 of Appendix 
• 
I I T T 
F i g u r e 1a： C o n f i g u r a t i o n of t h e L - s h a p e d 
o p e r a t o r in HC 
:ffP-
F i g u r e 1b： C o n f i g u r a t i o n of t h e L - s h a p e d 
o p e r a t o r in S Q a n d SC 
I ®——— 
k 
F i g u r e 1c： C o n f i g u r a t i o n of t h e L - s h a p e d 
o p e r a t o r in BCC 
(No t e t h a t t h i s is d i f f e r e n t f r om 
t h a t in F i g u r e 1d) 
yry\ 
f . . . . . 、 . . . . . . . . . . . . . . . . . . . . . . . . j 
一 • 
. J / 
F i g u r e 1d： C o n f i g u r a t i o n of t h e o m i t t e d 
L - s h a p e d o p e r a t o r in BCC 
R 「 L C I HC I SQ I SC BCC 
0
 - 1 - 1 . 5 一 2 - 3 
g.1 -1 .0033 一 1.5030 -2.0029" 一 3 . 0 0 2 7 - 4 0027 
0.2 -1 .0132 -1 .5119 -2 .0114 ~ - 3 ^ 0 1 0 9 ^ - 4 , 0 1 0 7 
0.3 -1 .0292 -1 .5265 -2 .0255 -3 .0244 -4 .0240 
0.4 -1 .0508 -1 .5466 -2 .0450 -3 .0432 -4.0426 
0.5 -1 .0774 --1.5716" -2.0697" -3 .0672 - 4 0664 
0.6 -1 .1083 -1 .6012 一 2 . 0 9 9 3 -3 .0962 ^ 0 9 5 5 " 
0.7 -1 .1429 -1 .6349 一 2 . 1 3 3 6 — -3 .1300 一 4.1298 
0 8 一 1.1807 -1 .6722 一 2.1723 -3 .1685 -4 .1692 
0.9 -1 .2211 -1 .7128 -2.2149~ -3 .2114 -4 .2137 
1| -1.26381 -1.75621 -2 .2613] -3.25851 -4 .2632 
Table la: Ground-s ta te energy per site / J 
(First- level approximation) 
R 丨 LC | HC | SQ | SC 丨 ~ 
0 1 1 — 1 — 1 1 
0.1 0.9978 0.9988 0.9992 0.9995 0.9996 
0.2 0.9915 0.9953" 0.9968" 0.9980 0.9986 
0.3 0.9816 0.9898" 0.9928" 0.9956 0.9968" 
0.4 0.9693 0.9825" 0.9875" 0.9923 0.9943 
0.5 0.9553 0.9739" 0.9810 0.9881 0.9912 
0.6 0.9407 0.9643" 0.9735~ 0.9832 0.9874" 
0.7 0.9259 0.9543" 0 .965f 0.9776 0.9829 
0.8 0.9115 0.9440" 0.9562" 0.9714 0.9778" 
0.9 0.8978" 0.9337" 0.9468" 0.9647 0.972V 
1 0.8849 0.9236 0.9371 0.9576 0.9658 
Table lb: Staggered magnetization 
(First-level approximation) 
R LC 丨 HC I SQ 丨 SC " 1 B C C 
0 - 1 - 1 . 5 " - 2 - 3 ^ 4 
0.1 - 1 . 0033 -1 .5030 -2.0Q29~ -3 . 0027 -4 .0027 
0.2 - 1 . 0134 -1 .5120 - 2 . 0115 ~ -3 . 0109 一4 0107 
0.3 - 1 . 0302 -1 .5271 
0.4 - 1 . 0538 一 1.5481 - 2.046?" - 3 . 0439 -4.0429" 
0-5 一 1.0844 -1 . 5753 -2 .0723" -3 . 0688 - 4 . 0 6 7 ^ 
0.6 - 1 . 1216 -1 . 6084 -2.1046— -3 . 0995 - 4.0969 
0.7 - 1 . 1652 - 1 . 6475 —2.1431— -3 .1359 -4 .1324 
0.8 - 1 . 2148 -1 . 6923 -2.1879— -3 .1784 -4 .1736 
0.9 - 1 . 2697 -1 .7426 - 2 . 2 3 9 T -3 .2270 -4.2206" 
1 - 1 . 3 2 9 4 丨 - 1 . 7 9 8 2 丨 - 2 . 2 9 6 7 丨 - 3 . 2 8 1 7 丨 - 4 . 2 7 3 6 
Table lla: Ground-s t a t e energy per site / J 
( S e cond - level approximation) 
R | LC 丨 HC | SQ | SC | BCC 
0 1 1 “ 1 一 1 1 
0.1 0.9978 0.9988 0.9992 0.9995 0.9996" 
0.2 0.99"10" 0.9952" 0.996T 0.9980 0.9986" 
0.3 0.9793" Q.989T 0.9925~ 0.9955 0.9968" 
0.4 0.9626 0.9805" 0.9866^ 0.9919 0.9942" 
"05" 0.9409" 0.9694" 0.9788" 0.9872 0,9909" 
0.6 0.9147" 0.9559" 0.9690 0.9814 0.9868" 
0.7 0.8851 0.9402 0.9571 0.9744 0.9819" 
0 . 8 0 . 8 5 3 3 0.9226 0 . 9 4 3 2 0 . 9 6 6 1 0 . 9 7 6 1 
0.9 0.8207 0.9035 0 . 9 2 7 3 0.9565 0.9693" 
1 丨 0 . 7 8 8 7 1 0 . 8 8 3 3 1 0 . 9 0 9 4 1 0 . 9 4 5 5 丨 0 . 9 6 1 6 
Table lib: Staggered Magnetization 
(Second—level approximation) 
Table III: Ground- s t a t e energy per s i te f r om o ther methods f o r isotropic 
spin-one Heisenberg an t i f e r romagne t 
E / NJ 
A) P. W | Ande r son (Spin W a v e )
l a ; 
LC -1.363 
SQ - 2.316 
SC -3.291 
B) Kubo (Spin Wave) (b ) 
LC -1.369 
SQ -2 .3284 
SC -3 .2982 
BCC -4 .2972 
C) John C. Fisher (Variat ional M e t h o d , 
LC -1.3333 
HC -1.8 
SQ -2 .2857 
SC -3.2121 
BCC -4 .2667 




BCC -4 .2868 




BCC -4 .2908 
P. l of Table III 
F) Arai and Goodman (Cumulant E x p a n s i o n ) ( f } 
LC - 1 . 3 7 5 9 
SQ -2 .3110 
SC - 3 . 2 8 9 2 
BCC - 4 . 2 8 6 8 
(a) Reference 11 
(b) Reference 12 
(c) Reference 13 
(d) Reference 14 
(e) Refe rence 15 
(f) Reference 16 
P. 2 of Table III 
Table IV： Ground- s t a t e energy per s i te f r om other methods f o r 
an iso t ropic spin-one Heisenberg an t i f e r romagne t (The values 
a r e in uni t of J) 
A) Davis a ) 
R
 LC SQ SC BCC 
0 - 1 - 2 - 3 - 4 
0 . 1 - 1 . 0 0 3 3 - 2 . 0 0 2 9 - 3 . 0 0 2 7 - 4 . 0 0 2 7 
0 . 2 - 1 . 0 1 3 4 - 2 . 0 1 1 5 - 3 . 0 1 0 9 - 4 . 0 1 0 7 
0 . 3 - 1 . 0 3 0 2 - 2 . 0 2 5 9 - 3 . 0 2 4 7 - 4 . 0 2 4 2 
0 . 4 - 1 . 0 5 4 1 - 2 . 0 4 6 4 - 3 . 0 4 4 1 - 4 . 0 4 3 2 
0 . 5 - 1 . 0 8 5 1 - 2 . 0 7 3 0 - 3 . 0 6 9 2 - 4 . 0 6 8 0 
0 . 6 - 1 . 1 2 3 5 - 2 . 1 0 6 2 - 3 . 1 0 0 4 - 4 . 0 9 8 8 
0 . 7 - 1 . 1 6 9 6 - 2 . 1 4 6 2 - 3 . 1 3 7 8 - 4 . 1 3 6 0 
0 . 8 - 1 . 2 2 3 8 - 2 . 1 9 3 6 - 3 . 1 8 1 9 - 4 . 1 8 0 0 
0 . 9 - 1 . 2 8 6 0 - 2 . 2 4 8 8 - 3 . 2 3 3 0 - 4 . 2 3 1 4 
1 . 0 - 1 . 3 5 6 7 - 2 . 3 1 2 6 - 3 . 2 9 1 6 - 4 . 2 9 0 8 
P. l of Table IV 
B) Arai and Goodman ( b ) 
R
 LC SQ SC BCC 
0 - 1 - 2 - 3 - 4 
O . l - 1 . 0 0 3 3 - 2 . 0 0 2 9 - 3 . 0 0 2 7 - 4 . 0 0 2 7 
0 . 2 - 1 . 0 1 3 - 2 . 0 1 1 5 - 3 . 0 1 0 9 - 4 . 0 1 0 7 
0 . 3 - 1 . 0 3 0 3 - 2 . 0 2 5 9 - 3 . 0 2 4 7 - 4 . 0 2 4 2 
0 . 4 - 1 . 0 5 4 4 - 2 . 0 4 6 4 - 3 . 0 4 4 1 - 4 . 0 4 3 2 
0 . 5 - 1 . 0 8 6 0 - 2 . 0 7 3 0 - 3 . 0 6 9 2 - 4 . 0 6 8 0 
0 . 6 - 1 . 1 2 5 5 - 2 . 1062 - 3 . 1 0 0 3 - 4 . 0 9 8 6 
0 . 7 - 1 . 1 7 3 5 - 2 . 1 4 6 1 - 3 . 1 3 7 6 - 4 . 1 3 5 5 
0 . 8 - 1 . 2 3 0 8 - 2 . 1932 - 3 . 1 8 1 3 - 4 , 1 7 8 9 
0 . 9 - 1 . 2 9 7 9 - 2 . 2 4 8 0 - 3 . 2 3 1 7 - 4 . 2 2 9 2 
1 . 0 - 1 . 3 7 5 9 - 2 . 3 1 1 0 - 3 . 2 8 9 2 - 4 . 2 8 6 8 
(a) Reference 15 
(b) Reference 16 
P.2 of Table IV 
Table V: Values of r and J fo r d i f f e ren t la t t ices 
r J 
LC 0 .726 0 .528 
HC - 0 .512 
SQ 0 .632 0 . 523 
SC 0 .582 0 .517 
BCC 0 .584 0 .526 
Table V 
Chapter 4 
Easy-plane Spin-One Antiferromagnet 
In t h i s chap te r , appl ica t ion of the coupled-c lus te r method to the 
easy-p lane spin-one an t i f e r r omagne t is discussed. Following the same 
idea a s t h a t in the previous chap te r , we will inves t igate the 






 i 1 ( ^ ) ( ^ 
f o r l inear chain (LC), honeycomb (HC), square (SQ), simple cubic (SC) 
and body-cen te red cubic (BCC) la t t i ces . In mean- f ie ld approximat ion, 
t h e r e ex i s t s a t r an s i t i on which is caused by the s ingle- ion anisotropy 
Ex 2 
^ S ^ ) , such t h a t the s t aggered magnet iza t ion vanishes as D 
exceeds a c e r t a i n c r i t i ca l value D : By using the successive 
coup led-c lus te r approximat ion up to the second level, the quantum 
f l uc tua t i on s a r e incorpora ted into our calculat ions. The g round - s t a t e 
energy, s t agge red magnet iza t ion and D f o r d i f f e r en t cases have been 
c 
found. We have f ound t h a t the quantum f luc tua t ions reduce the 
g r o u n d - s t a t e energy, s t aggered magnet iza t ion and D f rom the mean- f ie ld 
c 
r e su l t . This shows t h a t the quantum f luc tua t ions indeed play an 
essen t i a l ro le in the de te rmina t ion of the c r i t i ca l behavior of the 
sys tem. In addi t ion to th is , we have found t ha t in the case of 
non-vanishing aniso t ropy pa r ame t e r of the exchange in te rac t ion’ the re 
ex i s t s a small hump in the graph of s taggered magnet iza t ion vs. D fo r 
small D. Such a hump does not ex is t a t all in the mean- f ie ld resu l t . 
Physical p i c tu re f o r the exis tence of such a hump is s t i l l unknown yet . 
As in the case of the spin-one Heisenberg an t i f e r romagne t , our r e su l t s 
f o r the g r ound - s t a t e energy of the easy-plane spin-one an t i f e r romagne t 
converge f a i r ly rapidly. Accordingly, the successive coupled-c lus ter 
approx imat ion seems to be a useful tool in ca lcula t ing the g round - s t a t e 
energy of a spin sys tem because only a f ew levels of approximat ion a re 
su f f i c i en t . 
For de ta i l s , r e ade r s a r e r e f e r r e d to the enclosed paper t i t led: 
Coupled-c lus te r approximat ion f o r the easy-plane spin-one 
an t i f e r r omagne t . In Appendix, some useful informat ion of the 
ca lcu la t ions of the coupled-c lus te r method is presented . 
10 
Coupled-cluster approximation for 
the easy-plane spin-one 
antiferromagnet 
W.H. Wong and C.F. Lo 
Department of Physics, The Chinese University of Hong Kong, 
Shatin, New Territories, Hong Kong 
Y.L. Wang 
Department of Physics, Florida State University, 
Tallahassee, FL 32306-3016, U.S.A. 
Abstract 
In this paper we have investigated the ground state of an easy-plane spin-
o n e
 antiferromagnet: H = D 圩 ) 2 + ( J / 2 ) E ( i ) i ) [ ^ ( ^ f ^ J + + , 
using the coupled-cluster method. The mean-field approximation is com-
monly used in calculations of thermodynamic quantities for such systems be-
cause of the complexities caused by the single-ion anisotropy term. However, 
in the mean-field approximation quantum fluctuations are entirely neglected. 
Here we apply the successive coupled-cluster approximation scheme to obtain 
the ground-state energy, staggered magnetization and critical point Dc for 
various lattices such as linear chain, honeycomb, square, simple cubic and 
body-centered cubic lattices. In the coupled-cluster method the correlations 
of the quan tum fluctuations have been systematically included. 
1 I n t r o d u c t i o n 
T h e s t u d
y
 o f s
P
i n
 systems has long been a major research area in statis-
tical physics because of the wide variety of critical phenomena manifested 
in these systems. It is generally believed that while at finite temperatures, 
i.e. T / 0, the quan tum nature of the system plays no essential role in the 
critical behaviour, the quantum fluctuations become increasingly important 
as tempera ture is reduced to the vicinity of zero. In fact, at T
7
 = 0 the 
critical behaviour can be totally different from that at finite T and there is 
normally a crossover from the classical to the quantum critical behaviour，） 
Many models, especially the two-dimensional systems, have been proposed 
for study. Some examples are: the XY ferromagnet, the XY antiferromag-
net，the Heisenberg antiferromagnet, the Dzyaloshinsky-Moriya model.(2’3) In 
this paper we shall consider an easy-plane spin-one antiferromagnet which has 
a phase transit ion at T = 0, This spin system represents a simple, but non-
trivial, system with single-ion anisotropy. Single-ion anisotropics can have 
a fundamenta l influence on the behaviour of a magnetic system, and prevail 
in almost all physical systems with spin greater than one half.(
4
) Because 
of the complexities caused by the single-ion anisotropy term, the mean-field 
approximation is commonly used in calculations of the thermodynamic quan-
tities. However, in the mean-field approximation the quantum fluctuations 
have been neglected. It is, therefore, the purpose of this paper to investigate 
the ground-state properties of the easy-plane spin-one antiferromagnet for 
various lattices using the coupled-cluster method. 
The coupled-cluster method has proved to be a very useful technique in 
1 
quantum many-body theory, and has been applied to a wide range of physi-
cal systems in nuclear physics, quantum chemistry and relativistic quantum 
field theory.(
5
) Its main advantages are its automatic avoidance of unphysi-
cal divergences in the thermodynamic limit and its systematic ability to be 
taken to arbitrary accuracy. The coupled-cluster method can be used to cal-
culate ground-state and excited-state energies, and also such, other physical 
quantities as correlation functions and density matrices. The basic ideas of 
the coupled-cluster method rely on the fact that the exact ground state of a 
many-body Hamiltonian H can always be expressed as 
丨 屯 〉 = ^ 邛 ( ^ 陣 0 > (1) 
with > being an appropriate 'starting wave function' which is not or-
thogonal to the exact ground state. The corresponding Schrodinger equation 
双I少 丑。丨少> (2) 
can then be writ ten as 
^ l ^ o > = e x p ( - 5 ' ) ^ e x p ( 5 ' ) | $ o > = > (3) 
where 
e M S ) H exp(S) 二 F + [丑，习 +  l-[[H,割，习 + ….. ⑷ 
Since > is normalized, we may write 
E 0 = < > = < 少0| exp(—S)丑exp(S)|$ 0 > (5) 
and by projecting Eq.(3) onto the states > which are orthogonal to |#0〉， 
we obtain 
< > = < $ n | e x p ( - 6 ' ) ^ e x p ( < S ' ) | ^ o >= 0 . (6) 
2 
This orthorgonality condition yields a series of nonlinear coupled equations, 
each of which contains a finite number of terms. The correlation operator S 
is determined by solving these equations. Once S is known, the groundTstate 
energy and wave function can be obtained readily. Hence, the problem of 
finding the ground-state energy and wave function of the many-body sys-
tem is reduced to computing the operator 5 . Nevertheless, this is a very 
formidable task, and some approximation scheme has to be used to solve 
the coupled equations. Kummel et al. have prescribed the so-called sub-n 
coupled-cluster approximation in which the operator 5 = + + ^ + ...., 
where Sn,S 2 ,S 3”…contain products of one, two, t h r e e ,…. r a i s i ng opera-
tors respectively, is truncated at the Sn level.(5) For the lattice problem, the 
strict breakdown into sub-n is not very useful since some effects at sub-4 
are substantially larger than certain effects at sub-2; it is better to keep all 
reasonable terms inside a compact cluster than to include sub-2 terms where 
the two particles are far apart. In the following we shall apply a succes-
sive coupled-cluster approximation scheme, which was recently proposed by 
Roger et al.(
6
)，to investigate the ground state of the easy-plane spin-one 
antiferromagnet. This approximation scheme has been successfully applied 
to the quantum spin systems and Hubbard model on a square la t t iced
6 - 1 1
) 
The general outline of this paper is as follows. In the next section we apply 
the successive coupled-cluster approximation (up to the second level) to the 
easy-plane spin-one antiferromagnet for various lattices such as linear chain, 
honeycomb, square, simple cubic and body-centered cubic lattices. Numeri-
cal results are then discussed in section 3. Finally, a concluding summary is 
presented in section 4. 
3 
2 T h e o r y 
The Hamiltonian of the easy-plane spin-one antiferromagnet with anisotropic 
exchange interaction is given by 
H = D + \ +  R ( s f s ! + s f s ] ) } 
= D E ⑵ 2 + * E 权 ; + 孕 D 扔 r + s r s t ) ⑴ 
j
 ( 。 ） ( i j ) 
where the spin raising and lowering operators are defined by S士三 士 iS y. 
Here D is a positive quantity representing the strength of the single-ion 
anisotropy, J is the antiferromagnetic exchange integral, R, which varies 
between 0 and 1, measures the anisotropy of the exchange interaction, and 
Z^(ij) denotes the summation over all nearest-neighbour pairs. For conve-
nience, we may rewrite the Hamiltonian by performing a rotation of the spin 
quantization axis at each site of one sublattice ('down' sublattice) into the 
direction of the local mean field. After the transformation the Hamiltonian 
becomes 
H
 = ”E⑵ 2 -《乙啊+苧1>对 + 5「《)一 




 • (8) 
i 
Note that a source term 一h S z has been added to the Hamiltonian so that 
an estimate of the staggered magnetization of the system can be obtained. 
This Hamiltonian can be splitted into three parts, namely Hq, Hi and H2: 




o = J 2
n
o = D j 2 ( S ! )
2
- h J 2 S ^ N e 0 (10) 
i i i 、 
丑 1 = ^ ^ ( ^ / + ^ 7 ) ( i i ) 
(iJ) 
丑 2 = 一f E(《-<  SZ〉)(习—< S z > ) (12) 
(‘’ i) 
with h 二 h + J z < S z 〉 , t Q = ( J z / 2 ) < S z > 2 and z being the coordination 
number. H0 is the mean-field Hamiltonian which can be diagonalized exactly, 
whereas Hi and H2 represent the quantum fluctuations. In the mean-field 
approximation, Ht and H2 are ignored, and 7i0 can be diagonalized exactly 
yielding the eigenvalues: 
d [ ~ d ~ r 
Cl =
 j — + (13) 
e2 = B + e 0 (14) 
D f~D ~ 
e




 + eo (15) 
and eigenstates: 
|ei > = cos(6>)|l > - s i n ( ^ ) | - 1 > (16) 
1芒2〉= |0 > (17) 
|e 3 > = sin((9)|l > +cos(<9)| - 1 > (18) 
where |1 > , |0 > and | 一 1 > are eigenstates of the operator S z and the 
mixing angle 0 is given by t a n ( 2 汐 ) = D / ( 2 h ) . The ground-state energy per 
5 
site and staggered magnetization are given by 
( 0 for D > D c 
{ 0 for D > D c 
where Dc is the critical D and equals 2Jz in the mean-field approxima-
tion. In the mean-field approximation, the results are independent of the 
lattice structure and the anisotropy parameter R, and this is because we 
have ignored entirely the quantum fluctuations which play an essential role 
in determination of Dc and the critical behavior of the system. 
In order to incorporate the quantum fluctuations, we apply the successive 
coupled-cluster approximation to the system as follows. First of all, we need 
to choose a suitable trial state > to start our coupled-cluster calculations. 
A natural choice is the ground state of the mean-field Hamiltonian //0； that 
is, we choose 
N 
\h > = n i e i . (19) 
For the zeroth level of the successive coupled-cluster approximation, we sim-
ply choose the correlation operator S to be zero. Using this trivial correlation 
factor, we obtain 
exp(-5')Fexp(5)|^o > = {^o + ^ ^ 4 i + ^2 L ^ L ^ + 
{ (iJ) 






o / N = e0 + ex - y [ co s ( 2 ( 9 ) - < S z >] 2 (21) 
Fi = -Jzs in(20)[cos(2/?)~ < S z >] (22) 
尸2 二 了 (23) 
j 
F
3 = 一-sin2(26>) . (24) 
Here we have introduced the use of the local standard basis operators, which 
are defined in terms of the energy eigenstates of 7i 0 as 
Lmn 三 \em >< en\ (25) 
Any operator can be writ ten as a linear combination of these L operators: 
0 = Z J 2 < ^M\0\EN > LMN ； ( 26 ) 
rn,n 
in part icular , the spin operators S z and S士 are expressed as 
= cos (2^ ) (L n - L33) + sin(2^)(L 1 3 + L31) (27) 
= V2[COS(0)(L12 + L23) - sm(6)(L21 一 L32)} ( 28 ) 
S— = \ / 2 [cos (^ ) (L 2 1 + L32) - sm{9)(L12 - L23)} • (29) 
The ground-state energy E0 is given by N(e0 + d) with the remaining terms 
of Eq.(20) being neglected at this level (see Fig. l) . This is just the mean-field 
result; in other words, at the zeroth-level approximation the coupled-cluster 
method does not give any improvement at all, and thus we need to go to 
higher levels of the coupled-cluster approximation. 
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In the next level of approximation, we include in S the terms necessary 
to cancel the remaining terms of Eq.(20): 
S = ^ 1 + / ^ 2 + S3 
二 街 乙 路 + 〜 ^ ^ 広 砼 + 灼 乙 么 砼 . (30) 
(‘’ i) 
The first term represents single-spin excitation whereas the other two terms 
denote simultaneous excitations of a pair of nearest-neighbor spins. With 
this S, it can be found that 
exp(-5')/fexp(5
,
) |^o > = E0\<t>0 > > +G2S2\(/>o > + 
ft^sl^o > +... . (31) 
where 
Eo/N = eo + e! — h [ c o s ( 2 " ) — < 〉]2 — J ^ a 3 — … 幻 + 仏 如 ― 
sin(2^)[cos(2^)- < 7 〉 ] - \ j z c x \ sin2(2^) (32) 
ociGx = (e3 — ei)a! — Jzsin(2")[cos(2。)— < ^ >] + 
Jzat[2 cos2(2l9) - sin 2(260 — 2 < S Z > cos(2^)] + 
2Jza3 s i n (2^ ) [< S z > z - (z - 2) 
COS Zu)\ + 
sin(26>) cos(2^) — 2 < S
Z
 > sin(2(9)]— 
2Jz(z — 2)^0:3 sin
2
(2") — 2JZROLXOL2 + Jza\ sin
2
(2") (33) 
OLIG2 = - J R + 2(e2 一 e1)a2 + Ja\a2{2z — 1) sin
2
(26>) + JRa3 + 
J a 2 cos(2e)[(2z — l ) c o s ( 2 " ) ~ 2 < S Z > z}-{-\jRa\ + 
2A 
Mal[{A — SZ) + —] + 2J(2z — l ) a 2 a 3 s i n 2 (2 " ) + 
z 
8 
Jaxa2[%{2z — l ) c 0 s ' ( 2 " ) s i n ( 2 " ) 一 2<S Z > zsin(20)] (34) 
1 
A 3 ° 3 = ~ 2 J SIN ( 狄 ) +  2( E3 — EI)A3 + JRA2 + 2JAX sin(2(9) COS(29) 一 
4 J a 3 co$(2$)[< S z > z - { z - l ) cos(20)] 一 (4z - 2)JRa2a3 + 
Joc\[sm\2e) - 2 cos2(2^)] + J[(Sz - 4 ) - —]a】sin2(2^) + 
JRoL\a2 — 2Ja 3lSm(2d) cos(2^) + i j ( z — l ) a j a 3 sin2(2<9) + 
Ua1(y3[2{z — l)sin(26>)cos(20)— < S z > z^m{29)\ — 
. (35) 
Here the quantity A is defined as 
A =
 EEEE‘， (36) 
( i j ) k(j) l(k) m{l) 
and its numerical values for various lattices are 
6 , for LC 
15 , for HC 
^ = < 36 , for SQ 
90 , for SC 
216 , for BCC . 
By setting G{ ，s to be zero, we obtain a set of three nonlinear coupled algebraic 
equations of the parameters a^ s for each lattice. These nonlinear coupled 
equations have no closed-form solutions in general, and need to be solved nu-
merically under the self-consistency condition of the staggered magnetization 
M 
c z 1 r d E 0 ( h , < S z >) ,、 
M 三 < > = - - im
 J
- . 37 
N h^o dh  v ‘ 
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Once the a t-'s and M are found； the ground-state energy E0\h=0 can be ob-
tained readily. It is obvious that provided the parameters a ' s are not zero, 
there is considerable improvement beyond the zeroth-level results (see Figs.2 
and 3). 
Although we have made improvement beyond the zeroth-level results, 
there are still remaining terms in the expansion of exp(-S)H exp(5
,
)|^0 > in 
the first level of the coupled-cluster approximation. One may then intend to 
include all the remaining terms of the first-level approximation into the corre-
lation operator S, However, this will require us to manipulate a huge number 
of terms, and thus an alternate approach is badly needed. The simplest way 
is just to include the extra terms generated from {H + > in the 
first-level approximation into the new correlation operator. Accordingly, for 
the square, simple cubic and body-centered cubic lattices, the operator S 






& = J ] ， = L^LI, , S ^ A ^ L ^ A I , 
1
 (。•） ( i j ) 
(2) . (2) 




e = «6 ^ ^ 2 1 ^ 2 1 ^ 3 1 ， ^ 7 = a 7 ^ U 2 1 L i iL k 2 l , 
L (3) 
^8 = / 2  L3L L31 L31 ， = «9 ^ ^21^21 ， 
(J’J’ K) (ID) 
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(3) . D 
S i ° = , = a i l i / 2 1 i / 2 1 L k 3 1 , 
(‘’ i ) ( i , j , k ) 
D D 
S l 2
 = «12 E ， ^ 1 3 = ^ ； (39) 
on the other hand, for the honeycomb lattice there is no such terms as S'n, 
^12 and ^is whereas the terms S7 and S8 do not exist in the case of linear 
chain. Here ^ ( ¾ ) and ^ ( ¾ ) denote the summations over the second-nearest-
neighbour and third-nearest-neighbour pairs (in terms of the Euclidean dis-
tance), respectively. In the summation E ( ^ ) , the sites z, j and k are placed 
in a straight line, while in the three sites are in an
 C
L' configuration 
as shown in Fig.4. These terms with three local standard basis operators de-
note the simultaneous exitations of three spins. [Note: for the body-centered 
cubic lattice we have omitted another type of simultaneous excitation of a 
triplet forming a different
 £
L' configuration (see Fig.4d), because we believe 
that this type of excitation contributes less in comparison with the other 
two. After 
some straightforward, though tedious, calculations similar to 
those in the first-level approximation, we obtain a set of thirteen nonlinear 
coupled algebraic equations of the parameters a t ' s for each of the square, 
simple cubic and body-centered cubic lattices as well as ten equations for 
both the linear chain and honeycomb lattices. As in the first-level approx-
imation, one needs to resort to numerical methods to solve these equations 
under the self-consistency condition of the staggered magnetization. Then, 
these parameters a^ s will in turn give the ground-state energy and staggered 
magnetization of the system. Detailed numerical results will be discussed in 
11 
the next section (see Figs. 5 and 6). 
3 R e s u l t s a n d discussions 
As mentioned above the sets of nonlinear coupled-cluster equations in both 
levels have no closed-form solutions and need to be solved numerically to 
determine the parameters a t ' s for difFerent values of D j l J z . With these 
numerical solutions we are able to calculate the ground-state energy and 
staggered magnetization as functions of D/2Jz. The first-level numerical 
results for different lattices such as linear chain, honeycomb, square, simple 
cubic and body-centered cubic lattices are shown in Figs.2 and 3. In Table 
l a the values of Dc for these lattices are tabulated. Clearly the quantum 
fluctuations have induced substantial deviations from the mean-field result, 
which depends on the coordination number z and anisotropy parameter R: 
the larger the z is, the smaller the deviation is; whereas on the other hand 
the deviation varies directly with R. One can also observe that the first-
level estimates of the ground-state energy and staggered magnetization are 
all lower than those obtained from the mean-field theory. Although the 
coupled-cluster method is not a variational method and the estimates of the 
ground-state energy at each level of approximation are not necessarily upper 
bounds of the energy, the method does systematically improve its estimation 
of the energy as we go higher and higher levels of approximation. 
In Figs.5 and 6 numerical results of the second level of coupled-cluster 
approximation are shown, and the values of Dc are tabulated in Table lb . 
These second-level results are qualitatively very similar to those of the first 
12 
level，though quanti tat ively quite different. In the second level the estimates 
of the ground-state energy and staggered magnetization are again all lower 
than those given in the first level, but the corrections are comparatively 
smaller than before, in particular, for small values of D. This seems to suggest 
tha t the results at small D converge faster than those close to Dc where 
quan tum fluctuations are supposed to be most severe. Comparing the graphs 
of the ground-state energy and staggered magnetization, we can also observe 
tha t the ground-state energy does not change much from the first level to the 
second level, whereas the staggered magnetization has a comparatively more 
dramat ic correction, especially in the region close to Dc. [Note: in order to 
i l lustrate this more clearly, we have plotted in Figs.7 and 8 the estimates 
of the ground-state energy and staggered magnetization from different levels 
of coupled-cluster approximation against D for the case of square lattice.] 
This is expected because being a derivative of the ground-state energy, the 
staggered magnetizat ion is a more sensitive quantity than the energy itself. 
Thus, in order to have bet ter estimates of the staggered magnetization, one 
needs to go to higher levels of coupled-cluster approximation. 
Furthermore, it should be noted that in both levels of approximation 
there appears a small hump in each curve of staggered magnetization for 
R ^ 0. The exact positions of these humps for each level are listed in 
Table 2. This interesting feature cannot be found in the mean-field theory, 
and also depends on the parameters z and R. While the hump is most 
prominent in the case of linear chain with isotropic exchange interaction, 
it almost disappears in the case of body-centered cubic lattice with a very 
small R. Besides, as we go from the first level to the second level, the 
13 
humps become more prominent, especially for the low dimensional systems 
with isotropic exchange interaction. However, we have not yet understood 
the physical picture behind this unexpected appearance of a small hump 
in the curve of staggered magnetization. Finally, we would like to point 
out that in order to ensure the humps are not just artifacts of the coupled-
cluster method and they do really reflect the physics of the system, we have 
applied an independent method, namely the connected-moment expansion, to 




4 Conclus ions 
In this paper we have investigated the ground state of an easy-plane spin-one 
antiferromagnet using the coupled-cluster method. The mean-field approx-
imation is commonly used in calculations of thermodynamic quantities for 
such systems because of the complexities caused by the single-ion anisotropy 
term. However, in the mean-field approximation quantum fluctuations are 
entirely neglected. Here the successive coupled-cluster approximation up to 
the second level has been performed to evaluate the ground-state energy, 
staggered magnetization and critical point Dc for various lattices such as lin-
ear chain, honeycomb, square, simple cubic and body-centered cubic lattices. 
In the coupled-cluster method the correlations of the quantum fluctuations 
have been systematically included. According to our calculations, the first 
couple levels of the coupled-cluster approximation has already recovered a 
large portion of the ground-state energy. Hence the coupled-cluster method 
14 
seems to be a practical tool for calculating ground-state energy of a spin 
system since only the first few levels of approximation will be needed in ac-
tual practice. Besides, the present calculations clearly show the failure of 
the mean-field approximation in predicting the behaviour of the system both 
quanti tat ively and qualitatively, for instance the appearance of a hump in the 
curve of staggered magnetization. It is found that the correlations of quan-
t um fluctuations do play a major role in determining the critical behaviour 
of the system. 
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Figure 1: Ground—state energy per site vs. D 
for different lattices 
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Figure 2a: Ground- s t a t e energy per site vs. D for R=0 
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Figure 2b: Ground- s t a t e energy per site vs. D for R=0.5 
(First-level coupled-c lus te r approximation) 
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Figure 2c: Ground- s t a t e energy per site vs. D for R=1 
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Figure 3a: Staggered magnetization vs. D for R=0 
(First-level coupled-c lus te r approximation) 
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Figure 3b: Staggered magnetization vs. D for R=0.5 
(First-丨evel coupled—cluster approximation) 
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Figure 3c: Staggered magnetization vs. D for R=1 
(First-level coupled-c lus te r approximation) 
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Figure 5a: Ground- s t a t e energy per site vs. D for R=0 
(Second- level coupled-c lus te r approximation) 
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Figure 5b: Ground- s t a t e energy per site vs. D for R=0.5 
(Second—level coupled—cluster approximation) 
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Figure 5c: Ground - s t a t e energy per site vs. D for R=1 
(Second- level coupled-c lus te r approximation) 
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Figure 6a: Staggered magnetization vs. D for R=0 
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Figure 6b: Staggered magnetization vs. D for R=0.5 
(Second- level coupled-c lus te r approximation) 
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Figure 6c: Staggered magnetization vs. D for R—1 
(Second- level coupled-c lus te r approximation) 
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Figure 7a: Ground - s t a t e energy per site vs. D of square 
lattice for different levels (R=0) 
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Figure 7b: Ground state energy per site vs. D of square 
lattice for different levels (R=0.5) 
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Figure 7c: Ground - s t a t e energy per site vs. D of square 
lattice for different levels (R=1) 
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Figure 8a: Staggered magnetization vs. D of square lattice 
for different levels (R=0) 
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Figure 8b: Staggered magnetization vs. D of square lattice 
for different levels (R=0.5) 
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Figure 8c: Staggered magnetization vs. D of square lattice 
for different levels (R=1) 
l a t t i c e R=0 R = 0 . 5 R= i 
LC 0 . 7 5 1 0 . 7 4 1 0 . 7 1 3 
I H C 0 * 8 4 3 0 . 8 3 8 0 . 8 2 5 
I SQ 0 . 8 8 3 0 . 8 8 0 0 . 8 7 1 
SC 0 . 9 2 3 0 . 9 2 2 0 . 9 1 7 
j BCC 0 . 9 4 3 0 . 9 4 2 0 . 9 3 8 
— • • -• * • _ • • • • .且 ( 
Table la： 
Values of D c / 2 Z J fo r d i f f e ren t la t t ices in the f i r s t - l eve l 
approximat ion. 
l a t t i c e R=0 R = 0 . 5 R=1 
LC 0 . 6 4 6 0 . 6 3 0 0 . 5 6 8 
HC 0 . 7 9 4 0 . 7 8 7 0 . 7 6 1 
SQ 0 . 8 3 0 0 . 8 2 4 0 . 7 9 8 
SC 0 . 8 9 8 0 . 8 9 5 0 . 8 8 4 
BCC 0 . 9 2 8 0 . 9 2 6 0 . 9 1 9 
Table lb: 








) ‘ （ 0 . 0 7 3 , 0 . 9 5 6 ) ( 0 . 1 1 2 , 0 . 8 7 7 ) 
H C ( 0 , 1 ) ( 0 . 0 4 7 , 0 . 9 7 5 ) ( 0 . 0 9 1 , 0 . 9 2 5 ) 
S
Q ( 0 , 1 ) ( 0 . 0 3 6 , 0 . 9 8 2 ) ( 0 . 0 8 6 , 0 . 9 4 0 ) 
S C
 ( 0 , 1 ) ( 0 . 0 2 3 , 0 . 9 8 8 ) ( 0 . 0 6 4 , 0 . 9 6 0 ) 
BCC ( 0 , 1 ) ( 0 . 0 1 7 , 0 . 9 9 1 ) ( 0 . 0 5 7 , 0 . 9 6 8 ) 
Table 2a: 
Coordinates of the hump f o r d i f f e r en t l a t t i ces in the f i r s t - l eve l 
coupled-c lus te r approximat ion. The f i r s t coordinate is D/2ZJ while the 
second one is the s t aggered magnet izat ion. 
l a t t i c e R=0 R = 0 . 5 R=1 
LC ( 0 , 1) ( 0 . 0 9 0 , 0 . 9 4 7 ) ( 0 . 1 4 8 , 0 . 8 0 7 ) 
HC ( 0 , 1 ) ( 0 . 0 5 5 , 0 . 9 7 1 ) ( 0 . 1 2 7 , 0 . 8 9 4 ) 
SQ ( 0 , 1 ) ( 0 . 0 4 0 , 0 . 9 8 0 ) ( 0 . 1 0 4 , 0 . 9 1 9 ) 
SC ( 0 , 1 ) ( 0 . 0 2 5 , 0 . 9 8 8 ) ( 0 . 0 8 2 , 0 . 9 4 9 ) 
BCC ( 0 , 1 ) ( 0 . 0 1 8 , 0 . 9 9 1 ) ( 0 . 0 6 0 , 0 . 9 6 4 ) 
Table 2b: 
Coordinates of the humps f o r d i f f e r en t l a t t i ces in the second-level 
coupled-c lus te r approximat ion. The f i r s t coordinate is D/2ZJ while the 





In th i s project , we have studied the ground-s ta te propert ies of a 
spin-one Heisenberg ant i fer romagnet and an easy-plane spin-one 
an t i fe r romagnet fo r l inear chain, honeycomb, square, simple cubic and 
body-centered cubic la t t ices using a successive coupled-cluster 
approximation up to the second level. In this method, we have 
decomposed the wavef unction in t e rms of amplitudes fo r exciting clusters 
of a f in i te number of part icles . Up to the second level, we have 
handled single-, double- and t r ip le - s i t e exciting clusters. 
It has been found tha t in the ground s ta te of the easy-plane 
spin-one ant i fe r romagnet within mean-field approximation, there exis ts a 
phase t rans i t ion such tha t when the single-ion anisotropy parameter D 
exceeds a cr i t ical value D ? the staggered magnetization vanishes. 
However, the resu l t s a re not sa t i s fac tory because the quantum 
f luc tua t ions a re ignored entirely in the mean-field approximation. 
For both systems, in order to incorporate the quantum fluctuations, 
we have t r i ed to use a successive coupled-cluster approximation scheme. 
We have found tha t fo r larger Z and smaller R, our resul ts converge 
quite f a s t . It is because our s t a r t ing wavef unction is a bet ter one for 
la rger Z and smaller R. Comparing the r a t e s of convergence of the 
g round-s ta te energy and staggered magnetization, we have found tha t the 
g round-s ta te energy converges f a s t e r than the staggered magnetization. 
In the case of the easy-plane spin-one ant i ferromagnet , we have found 
t ha t the t rans i t ion point, tha t is, the cri t ical value of D, and the 
shape of the graphs, a re indeed influenced by the quantum fluctuations. 
In other words, D c depends on the lat t ice (via Z) and the anisotropy of 
the exchange interact ion (via R). From those studies, it seems tha t 
the successive coupled-cluster approximation is a pract ical tool for 
calculating the ground-s ta te energy of a spin system. 
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Appendix 
Useful Information in the calculations of 
the Coupled-cluster Method 
In t h i s appendix, some usefu l in format ion in the ca lcula t ions of 
the coup led-c lus te r method is presen ted . In the f i r s t level, S consis ts 
of 3 t e r m s while S in the second level conta ins 13 t e rms : 
S =
 E i ! i
S
i (A.l) 
where S ^ s have been a l ready defined in Chapter 4. Here n = 3 in the 
f i r s t level, n = 13 f o r SQ, SC and BCC and n = 10 f o r LC and HC in the 
second level. In the coupled-c lus te r method, we have to expand the 
express ion exp(-S) H exp(S). Using the Baker -Hausdor f f lemma, i t is 
known t h a t 
exp(-S) H exp(S) = H + [H,S] + iy[[H,S],S] + ... (A.2) 
When we ca lcu la te [ H ^ J and [ [ H ^ ^ S ] f o r i, j = 1 to n, or higher 
commuta to r s f o r H, the fol lowing points a r e useful : 
1. As S ^ s conta in L ” and L only, fo rmulae of the commuta tors 
be tween the spin ope r a t o r s and these two local s t anda rd bas is ope ra to r s 
a r e su f f i c i en t . 
[S+,L ] = v^cos(0)(L - L ) + v^2sin(0)L (A.3) 
21 11 22 31 
[S",L 1 = v^2cos(0)L - v^sin(0)(L 一 L ) (A.4) 
2 1 3 1 11 2 2 
[S
Z
,L 】 = - c o s ( 2 0 ) L - sin(20)L (A.5) 
Z1 21 2 3 
[ S + , L 3 i ] = ^ 2 c o s ( 0 ) ( L 2 i - L 3 Z ) (A.6) 
[ S
-
, L 3 I ] = V^s in (0 ) (L 2 i + L 3 2 ) (A.7) 
[S
Z
,L 1 = -2cos(20)L + sin(20)(L - L ) (A.8) 
3 1 3 1 1 1 3 3 
2. When we compute the commuta tors , we should take good ca re of the 
o rde r of the ope ra to r s . Some formulae a r e found to be useful . 
[A,BC] = [A,B]C + B[A,C] (A.9) 
13 
[AB,C] = A[B’C�+ [A’C]B ( A . 1 0 ) 
and e tc . 
3. Obvious ly，S,s commute wi th one another , t h a t is, 
W = 0 (A,ll) 
This p rope r t y leads to the fol lowing theorem： 
Theorem A.l 
For any ope ra to r O’ we have [ [0 ,S ],S 】 = [ [ 0 , S ],S ] if [S S ] 
= 0 .
 1 J j 1 j 
proof： 
[ [O .S iLS j ] = [ C ^ S ^ S j - s ^ o ^ ^ 
= O S s - s o s - s o s + s s o 
i j i j j i j i 
= O S S - S OS - S OS + s s o 
J 1 1 J j i i j 
= ( O S - s o ) s - S (OS - S O) 
J J i 1 J J 
= [ O ^ ^ S ^ S J O 、 ] 
= [ [ O . S ^ S J (proved) 
We may extend th i s idea to prove Theorem A.2. 
Theorem A.2 
We may in te rchange the S ope ra to r s f r ee ly in the commutator 
[…[[ [ " . [ [0 ,S ],S ]…,S 】,S 】,S ] . " , S ], and do not a f f e c t the 
1 J k 1 m n 
r e su l t . 
proof: 
Firs t ly , we a r e going to f ind if we can in terchange S and S . 
1 m 
Consider [[[".[[0’S, ]’S • ] . " , S ],S ]’S ] only, we may t r e a t the 
1 j k 1 m 
commuta to r […[[0’S ],S 】."，S 】 a s one opera to r , say O'. By using 
i J k 
Theorem A.l, we have [ [0 , ,S ],S ] = [[0,’S ],S ]. So, we have 
1 m m l 
14 
[ • . • [ [ [ . . . [ [ o , s � , S � … , S J , S � ’ S � � , S ] 
1
 J k 1 m n 
— • • • " 【 . . • " O W . W i 】 … ’ S n ] (A.12) 
Since 1 and m a re a rb i t r a r i l y chosen, we may interchange any 
consecutive S’s in a commutator . How about the S ' s t ha t a re f a r apa r t ? 
It is easy because we may move an opera tor to any position we like by 
successively interchanging the consecutive opera tors . Thus the- theorem 
is proved. 
How does th is theorem help us? If O is H (or H , H ), since the S 
ope ra to r s a r e interchangeable in the commutator , it is suff ic ient f o r us 
to calcula te the commutators 
[ … [ [ [ … [ [ ！ ^ 口 』 ] … ’ S k L S i L S m ] … , S ] 
with i 彡 j s … 、 k < '1 ^ m ^^-；‘. < n P 1 n 
F o r e x a
m p l e , since [[[H’S ]’S ],S ] = [[H,S ) , S J , S ] = [[[H,S ],S ],S 】 
• . I c ^ 1 3 2 2 3 1 
= … ’ it is enough f o r us to compute the commutator [[[H,S 1 S 1 S 1 
1 ' 2 3 
In th i s example, we have to compute 3!= 6 commutators . By using the 
theorem, we have to compute only one! 
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